ABSTRACT An analogous Kerr nonlinearity of a magnon would be a subject of interest and plays an important role in researching the interactions between the magnons and photons. Using the experimentally achievable parameters, we present a perturbed approach to deal with the nonlinear dynamics of magnon polaritons and obtain analytical formulas to understand the physical picture of magnon induced second-order sideband generation. We prove that this effect is modified by either adjusting the microwave drive power and the Kerr coefficient or the coupling strength. The numerical calculations of the system dynamic equations show an excellent agreement with our analytical results. In particular, an optimal parameter area is proposed, in which the signal of magnon-induced second-order sideband generation is robust. In addition to providing insight into the nonlinear interactions between the magnons and photons, our results may also offer attractive new prospects for the development of the magnon frequency comb.
I. INTRODUCTION
Recently, the ferrimagnetic materials, in particular the yttrium iron garnet (YIG), have attracted considerable attention due to their very high spin density [1] - [6] . It is well known that the simplest Kittel mode [7] - [9] in the YIG sphere takes place mode hybridization with the electromagnetic waves, which leads to new quasiparticles called magnon polaritons [10] , [11] . Such then, considerable researches have been motivated in the system of cavity-magnon, including coherent interaction between a magnon and a superconducting qubit [12] , [13] , magnon spintronics [14] - [16] , Bose-Einstein condensation of exciton polaritons [17] , [18] and the observation of magnon dark modes [19] . However, the nonlinearity of magnon Kerr effect is mostly ignored due to the weak Kerr coefficient [20] - [23] . Previous experimental work, the concept of the magnon Kerr nonlinear has been reported at a cryogenic temperature, and the nonlinearity induced frequency shift [20] and bistability of cavity magnon polaritons have been observed experimentally [21] . Furthermore, many extraordinary physical phenomena associated with magnon Kerr effect have
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been theoretically predicted, such as Phase-mediated magnon chaotic evolution [22] , magnon-induced high-order sidebands generation [23] (so the comb-like spectrum [24] ). However, to the best of our knowledge, the magnon Kerr effect has mostly been limited to the numerical solutions, so our results provide a clear physical picture of cognition into the interactions between the magnons and photons.
The magnon Kerr nonlinearity originates from the magnetocrystalline anisotropy in the YIG [7] , [25] . As a fascinating nonlinear phenomenon, magnon nonlinearity is not only of great significance in studying nonlinear features of the magnetic material, but plays an indispensable role in excavating the potential application of cavity-magnon system as well. The amplification of amplitude in Parity-time (PT )-symmetric system [26] , intensity-dependent spinwave switching [27] and nonlinear spin wave effects [28] have been researched based on the magnon nonlinearity. As an essential nonlinear phenomenon, sideband generation, however, is still unexplored in the cavity-magnon system. By taking advantage of the perturbation approach, the analytical formulas of describing the second-order sideband have been theoretically predicted [29] . In addition, the highorder sidebands output spectrum by numerical simulations show an excellent agreement with our analytical results. The studies of sideband generation, therefore, could deepen our understanding of magnon Kerr nonlinearity and substantially promote the development of this emerging field.
We mainly discuss the second-order sideband generation which is beyond the linearized description of microwave photon-magnon interactions in the cavity-magnon system [23] . In a quantum mechanical language, the secondorder sideband process can be characterized by the four-wave mixing processes in the cavity-magnon system [29] . In order to clarify clearly, we not only present the amplitude of firstand second-order sideband, but demonstrate the influences of the microwave drive power, Kerr coefficient, cavity-magnon coupling strength and the external magnetic field on the second-order sideband generation as well. We show that, the stimulated magnon number linearly depends on the microwave source power P d , while the efficiency of sideband generation does not monotonously increase with the microwave source power P d . Meanwhile, Kerr coefficient plays an important role during the second-order sideband process. In the linear regime, the strong coupling between the microwave photons and the magnons is g m = 42 MHz. Furthermore, numerical calculations of the system dynamic equations show an excellent agreement with our analytical results. In particular, an optimal parameter area is proposed, in which the signal of magnon induced second-order sideband generation is robust. Beyond their fundamental scientific significance, the quantitative analysis of magnon induced second-order sideband leads us towards a clear physical picture of cognition into the interactions between the magnons and photons. In addition, magnon induced second-order sideband is similar to the optomechanical second-order sideband which can provide measurement with higher precision [30] , [31] . Moreover, fortunately for the magnon's favorable tunability and compatibility with a wide range of quantum systems, our results may open up a promising way to study other important magnon effects, for instance, operating on-chip magnetic devices [32] - [34] , solitons and breathers [35] , [36] , frequency conversion [37] , [38] , realizing the controllable slow light transmission [39] , [40] , and the optical cooling of magnon [41] . This paper is structured as follows: In sec. II, we set up the physical model. Using the perturbation method, we obtain the analytical notations of amplitude of firstand second-order sideband arising from magnon Kerr effect. In sec. III, we study the effect of parameters on the efficiency of second-order sideband generation, such as the microwave drive power, Kerr coefficient, cavity-magnon coupling strength and the external magnetic field. Next, we give the high-order sidebands output spectrum by numerical simulations. To observe robust signal of magnon induced second-order sideband generation, an optimal parameter area is proposed. Finally, we make a conclusion based on the results in sec. IV. 
II. MODEL AND THEORY FRAMEWORK
In this work, we consider a hybrid system, which consists of a three-dimensional (3D) rectangular cavity and a small YIG single crystal sphere. The cavity is made of oxygen-free copper with inner dimensions 44.0 × 22.0 × 6.0 mm 3 [21] and the small YIG sphere magnetized uniformly by magnetic field B 0 of diameter 1 mm is fixed in the cavity. The cavity is driven by a microwave control field at frequency w 1 and probed by a weak microwave signal field at frequency w p , and the YIG sphere is acted on directly by microwave source at frequency w d , as schematically shown in Fig. 1 (a) . This system possesses several distinguishing advantages. First, it allows compatibility with optical photons [42] , ultracold clouds [43] and molecules [44] , so provides a versatile platform to implement various novel phenomena and applications. Second, the frequency of magnon mode is flexibly tuned by the external magnetic field. Third, the YIG can achieve strong coupling due to the very high spin density. Then the Hamiltonian of the cavity-magnon system can be expressed as [21] H =hw câ †â
whereâ † (b † ) andâ(b) are the creation operator and annihilation operator of the cavity (magnon) mode. w c and w m are eigenfrequency of cavity mode and magnon mode, respectively. g m is the coupling strength between the cavity mode and the magnon mode.
, denotes the strength of the microwave drive field with P d being VOLUME 7, 2019 the power, K being Kerr coefficient and c being the coupling strength between the microwave drive field and the magnons. Amplitudes of the control field and probe field are denoted by
, where P 1 is the power of control field and P p is the power of probe field. κ is the cavity mode linewidth which contains two parts (i.e., κ = κ e + κ in ), where κ in is the intrinsic loss rate of cavity and κ e is the coupling rate with the cavity. Here, we assume that the intrinsic loss rate is half of the cavity mode linewidth, viz., the intrinsic loss rate κ in = κ e = κ/2 in this work.
We seth = 1 throughout the paper. Taking the all decay into, in a frame rotating at control frequency w 1 by a unitary transformation R = exp(−iw 1â †â − iw 1b †b ), the dynamics of the cavity-magnon system can be described by the Heisenberg-Langevin equations, i.e.,
are the frequency detuning between the cavity (drive) field, magnon mode and the probe field, respectively. γ m is the decay rate of magnon mode.â in andb in denote the quantum noise of the cavity mode and the magnon mode with
, where k B is the Boltzmann constant and T is the temperature of environment [45] . We focus on the mean response of the system to the probe field, viz., a(t) ≡ â(t) and b(t) ≡ b (t) . Furthermore, considerable magnons are generated by the microwave source, such that <b †b >≡ |b| 2 1. In these case, the Heisenberg-Langevin equations of the cavity-magnon system can be rewritten aṡ
For the case where the control power is much stronger than the probe power, we adopt the perturbation method to deal with Eq. (2). Then the operators can be written as a = a + δa, b = b + δb, where a and b are on behalf of the steady-state solutions of cavity mode and magnon mode, respectively, and δa, δb express the corresponding small fluctuation on steady-state solutions. Substituting these expressions into Eq. (2) and neglecting the fluctuation, we obtain the steady-state solutions In particular, the sideband effect which we mainly discuss is closely bound with the magnon Kerr nonlinearity. From Eqs. (3), the relationship between the stimulated magnon number and the microwave source power P d is plotted in Fig. 2(a) . The parameters used in this work are probably to those of Ref. [21] for cavity-magnon system, that is, the coupling strength between the microwave photons and the magnons g m /2π = 42 MHz, coupling strength between the microwave drive field and the magnon c/(2π ) 3 = 3.7 × 10 22 Hz/mW , Kerr coefficient K /2π = 10 −10 Hz, the cavity mode decay κ e /2π = 3.8 MHz, the magnon mode decay γ m /2π = 17.5 MHz, the frequency of cavity mode w c /2π = 10.1 GHz, control field power P 1 = 149 mW , ε p = 0.05ε 1 . For P d ∈ [100, 158] mW , from the picture we can see that the stimulated magnon number linearly depends on the microwave power P d . It implies that the Kerr nonlinear term can be extremely manipulated in the present of the microwave source, which is extraordinary to explore the second-order sideband generation. The magnon number of the cavity-magnon system can be obtained by numerically solving Eq. (2), and we plot the time evolution of magnon number in Fig. 2 (b) . We can see that when the system reaches a stable oscillation after a transient process, magnon number reaches a stable oscillation and it is fitted well with the analytical result in Fig. 2 (a) . Now, we give analytical solutions to first-, second-order sideband with the probe filed, then equation (2) become
We assume that the perturbation terms δa and δb have the following ansatz:
where δa (1) (4) 2 ) are the amplitude of second-order upper sideband and second-order lower sideband. The physical picture of such an ansatz is that the control field and probe field are incident upon the cavity-magnon system. Then there are output fields with frequencies w 1 ± nδ due to the terms −b * (δb) 2 and −|b|δbδb * , with n being an integer. When n = 1, the frequency is corresponding to the anti-Stokes field, also called as first-order upper sideband. A similar frequency of Stokes field is corresponding to n = −1, also called as first-order lower sideband.
Substituting equation (5) into equation (4), respectively, we can get the following 4 algebra equations:
−iδA
the equations (6a)-(6b) describe the linear response of the probe field.
−2iδA
the equations (7a)-(7b) correspond to the second-order sideband.
Simultaneous equations (6a)-(6b), we can obtain the expression for A − 1 and B
, (8a)
where
Using the equations (7a)-(7b), we can get the amplitude of the second-order sideband
By using the standard input-output notation S out = S in − √ κ e a, we obtain the output fields of the cavity-magnon system as follows: 2δ )t show the second-order upper sideband and second-order lower sideband. We note that the intracavity probe power defined as the ratio of the output and input field amplitude at the probe frequency w p is then given by
for discussing the second-order sideband process conveniently, we define
which is dimensionless, as the efficiency of the second-order sideband process.
III. DISCUSSION
In this section, we analyze the influences of the system parameters in detail, including the microwave power P d , Kerr coefficient K , the coupling strength g m between cavitymagnon, and magnon mode detuning m on the sideband generation. Next, we turn to illustrate the high-order sidebands output spectrum by numerical simulations directly based on Eq. (2).
A. DEPENDENCE OF THE SIDEBAND GENERATION ON THE MICROWAVE POWER P d AND KERR COEFFICIENT K
In Fig. 3 , we plot the intracavity probe power t a and the efficiency η of second-order sideband generation as a function of the probe-control detuning δ, respectively. The only difference between Fig. 3 (a)-3 (c) is the microwave drive power, and all of the other parameters are exactly the same as those in Fig 2. First, we consider the case that the second-order sideband generation is induced by microwave source with P d = 100 mW , as shown in Fig. 3(a) . Due to the damping rate of the cavity and the weakness of the Kerr nonlinear, the maximal intracavity probe power is close to 0.2 and less than 1, and the efficiency of second-order sideband generation is less than 0.04%. The second-order sideband is much lower than the intracavity probe power (first-order) because second-order sideband is a two-photon absorption process. As expected, by raising the microwave drive power, t a and η dramatically increase. The maximum value of t a and η are up to 26 and 4% respectively when P d = 128 mW [shown in Fig. 3(b) ]. We note that the linear response (viz., firstorder) is more than 1, which indicates that the microwave power surmount the damping and a strong magnon Kerr nonlinearity may produced. However, the behaviors of t a and η become substantially difference when we further increase power P d beyond 158 mW , as shown in Fig. 3 (c) . It is well known that the sideband process is governed by nonlinearity. As we further increase the microwave power, the magnon is strongly excited and the degree of magnon Kerr nonlinearity achieves saturation in this case. As a consequence, both t a and η decrease with increasing microwave power P d . In addition, in Fig. 4 , we show the Kerr coefficient K varying with the detuning δ. The behavior of second-order sideband generation intensively depends on the value of Kerr coefficient and the maximum value of η is up to 14% corresponding to K /K 0 = 10, where K 0 = 2π × 10 −10 Hz. It is well known that the Kerr coefficient K is inversely proportional to the volume of the YIG sphere [21] . For a 1-mm-diameter YIG sphere used, the K ≈ 2π × 10 −10 Hz [46] . Furthermore, the asymmetry of the second-order sideband in Fig. 3 and Fig. 4 arise from the constructive and destructive interference between the process of direct second-order sideband generation and the process of the upconverted first-order sideband [30] . 
B. DEPENDENCE OF THE SIDEBAND GENERATION ON THE COUPLING STRENGTH g m
Before proceeding, we show the theoretical prediction of the normal mode splitting transmission spectrum from the cavity in the linear regimes as a function of the bias magnetic field B 0 . The frequency w m of the uniform magnon mode has a simple relationship with the external magnetic field: w m = γ B 0 , where γ /2π = 28 GHz/T is the gyromagnetic ratio. As shown in Fig. 5(a) , a distinct anti-crossing of the two modes occurs, indicating the strong coupling between the microwave photons and the magnons, with the strong coupling strength: g m /2π = 42 MHz. To elucidate this coupling in detail, in Fig. 5(b) , we plot the efficiency of second-order sideband generation varying with the probe-control detuning δ with setting g m /2π = 40, 41, 42, 43, 44 MHz and P d = 128 mW . It clearly shows that the maximal efficiency of second-order sideband generation goes up to about 4% corresponding to g m /2π = 42 MHz, which is well fitted with the anti-crossing spectrum. However, a further increase the coupling strength, viz., g m /2π > 42 MHz, the efficiency of second-order sideband generation is reduced rather than enhanced. It means that the efficiency of second-order sideband generation is no longer increased but suppressed when the cavity-magnon coupling strength exceeds a certain threshold. This is the result of the tunnel coupling between the cavity and magnon being increased up into the over-coupling regimes. For g m /2π < 30 MHz, the efficiency of second-order sideband generation is very low, even zero (not shown in Fig 5) . It indicates that the coupling condition is in the under-coupling regimes. Moreover, the positions of sideband peaks are far away from ζ = ±1 with the increasing of coupling strength g m [shown as the dotted line in black]. The basic reason for this phenomenon is that the bandwidth of frequency is related to the intracavity photon number [47] . In addition, it can be more clearly explained by calculating the degeneracy frequencies of the normal cavity modes:
] 2 , here, w ± are the two resonance peaks which correspond to the two normal modes of cavity. Their separation is given by w = w + − w − . This is coincident with the result shown by Fig. 5(b) . 
C. DEPENDENCE OF THE SIDEBAND GENERATION ON THE DETUNING m
The efficiency η of the second-order sideband process varying with m and c is plotted in Fig. 6 with setting δ = −11κ e and P d = 128 mW . In Fig. 5(a) , it clearly shows that the detuning m is sensitive to the external magnetic field. For B 0 > 361 mT , we consider that the external magnetic field B 0 makes the magnon mode in the red detuning. For B 0 < 361 mT , we consider that the external magnetic field B 0 makes the magnon mode in the blue detuning. In Fig. 6 , we find that the relationship between the efficiency of the second-order sideband generation and the magnon detuning is entirely different: Being the red detuning, the efficiency of second-order sideband generation is very low and is not obvious change during increasing the external magnetic field B 0 ; Being the blue detuning, when the appropriate detuning m = −5κ e , the efficiency of second-order sideband generation is obvious and other is strongly suppressed. For further insight into the formation of such a sideband effect, we show the specific process. The frequency shift of magnon mode is related to the microwave source power [20] . The cavity begins to oscillate by microwave control field, the magnon mode starts to oscillate coherently when the resonance condition between the magnon mode and the cavity mode is reached. The result provides an accessible route to enhance the second-order sideband generation by the tunable external magnetic field.
D. THE HIGHER-ORDER SIDEBANDS OUTPUT SPECTRUM BY NUMERICAL SIMULATIONS
Judging from what we have discussed above, we focus on the first-, second-order sideband in the output field based on the analytical solutions Eqs. (13) and (14) by the perturbation method. Now, we turn to illustrate the higher-order sidebands output spectrum by numerical simulations directly based on Eq. (2). In the frequency domain, doing the fast Fourier transform of S out , we get the output spectrum S(w), i.e., S(w) ∝ | ∞ −∞ S out (t)e −iwt dt|, where w is the spectroscopy frequency from the cavity field [23] , [24] . As shown in Fig. 7 , the firstorder sidebands and second-order sidebands are created, and end up with a cutoff regime where the amplitude of the sidebands decreases sharply to complete this spectrum [23] . The sideband spacing is equal to the beating frequency δ between the control field and probe field around the rotating frequency w 1 . We also note that the amplitude of the sidebands decreases quickly as the order of the sidebands increases gradually, followed by a plateau where the strength of sidebands is asymmetric. To some extent, the high-order sidebands output spectrum reflect the fact that the perturbation approximation is valid in the case of ε 1 ε p .
IV. CONCLUSION
In summary, we have investigated the sideband generation in the cavity-magnon system which is driven by a microwave control field, a weak microwave probe field. We employ the perturbation method to obtain the analytic amplitude of first-and second-order sideband. Then, we analyze the influences of the microwave drive power, Kerr coefficient, coupling strength and the external magnetic field on the sideband generation in detail. We find that the amplitude of sideband increases with increasing the microwave drive power P d until approximately P d = 158 mW . Moreover, the efficiency of the second-order sideband generation dose not monotonously increase with the coupling strength and an optimal coupling strength g m = 42 MHz is proposed. Finally, we find that the features of the external magnetic field induced enhancement of second-order sideband generation are radically distinct between the red detuning and the blue detuning. In the red detuning case, the change of the efficiency η is not obvious as the change of the external magnetic field and the efficiency η is very low. In the blue detuning case, the generation of second-order sideband is obvious only when the resonance condition is reached.
To observe robust signal of magnon induced second-order sideband generation, an optimal parameter area is proposed. Beyond their fundamental scientific significance, the quantitative analysis of magnon induced second-order sideband leads us towards a clear physical picture of cognition into the interactions between the magnons and photons. Based on the cavity magnonics system's compatibility with other quantum system, our results may open up a promising way to study other important magnon effects. 
